LECTURE   IV. :    ON   THE   REAL   SHAPE   OF   ALGEBRAIC  CURVES  AND  SURFACES.
(August 31, 1893.)
WE turn now to algebraic functions, and in particular to the question of the actual geometric forms corresponding to such functions. The question as to the reality of geometric forms and the actual shape of algebraic curves and surfaces was somewhat neglected for a long time. Otherwise it would be difficult to explain, for instance, why the connection between Cayley's theory of projective measurement and the non-Euclidean geometry should not have been perceived at once. As these questions are even now less well known than they deserve to be, I proceed to give here an historical sketch of the subject, without, however, attempting completeness.
It must be counted among the lasting merits of Sir Isaac Newton that he first investigated the shape of the plane curves of the third order. His Enumeratio linearum tertii ordinis* shows that he had a very clear conception of projective geometry; for he says that all curves of the third order can be derived by central projection from five fundamental types (Fig. i). But I wish to direct your particular attention to the paper by Mobius, Ueber die Grundformen der Linien der dritten Ordnung^ where the forms of the cubic curves are derived by
* First published as an appendix to Newton's Opticks, 1704.
f Abhandlungen der Konigl. Sachsischen Gesellschaft der Wissenschaften, math.-phys. Klasse, Vol. I (1852), pp. 1-82;   reprinted in Mobius7 Gesammelfe Vol. II (i886), pp. 89-176.or further particulars concerning the subjects of the present as well as the two preceding lectures, I may refer to my (lithographed) lectures on Hbhere Geometrie9 delivered at Gottingen, in 1892-93. The theory of surface-elements is also fully developed in the second volume of the Theorie der Transformations-gruppent by Lie and Engel (Leipzig, Teubner, 1890). To derive from this the " general solution," we must take all possible singly infinite sets of points in the plane, i.e. any curve whatever, and form the envelopethe first order. From our new point of view, this the assumes a much higher degree of perspicuity, and the "fc meaning of the terms "solution," "general solution," "c< plete solution," "singular solution," introduced by Lagraj and Monge, is brought out with much greater clearness.
